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ABSTRACT

When a seismic source is placed in the water at a height less than a wavelength
from the water—solid interface, a prominent S-wave arrival can be observed. It travels
kinematically as if it was excited at the projection point of the source on the interface.
This non-geometric S-wave has been investigated before, mainly for a free-surface
configuration. However, as was shown in a field experiment, the non-geometric S-
wave can also be excited at a fluid-solid configuration if the S-wave speed in the solid
is less than the sound speed in the water. The amplitude of this wave exponentially
decreases when the source is moved away from the interface revealing its evanescent
character in the fluid. In the solid, this particular converted mode is propagating as
an ordinary S-wave and can be transmitted and reflected as such. There is a specific
region of horizontal slownesses where this non-geometric wave exists, depending on
the ratio of the S-wave velocity and the sound speed of water. Only for ratios smaller
than 1, this wave appears. Lower ratios result in a wider region of appearance. Due to
this property, this particular P-S converted mode can be identified and filtered from
other events in the Radon domain.
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1 INTRODUCTION referred to in seismology as S*, was generated by a P-wave

. . . source buried close to the free surface. In the past decades,
Non-geometric S-waves are excited when the dominant wave- ; ] ) }
other non-geometric S-modes, including the SH*-arrival (Da-

length of a point source exceeds the distance between the _
8 P ley and Hron 1988) and more recently the PS phase (Roth

source and a plane interface separating two media with dif-
ferent elastic properties (Hron and Mikhailenko 1981). The
excited S-waves appear to be originating from the projection

and Holliger 2000), have been identified in synthetic and real
data.

. . . The S*-arrivals are physically interpreted as evanescent
point of the source on the interface. Because the existence ) :
) . P-waves tunnelling to the free-surface interface where they
of such a wave mode is not predicted by ray-based methods, )
o . . . . convert to propagating shear mode (Daley and Hron 1983).
their kinematic behaviour is considered to be non-geometric. )
. . . . ) Evanescent waves are often neglected because of their expo-
The existence of this type of arrivals was predicted in the- . ) . )
) ) . nentially decaying amplitude as a function of depth. How-
ory by Brekhovskikh (1960) and categorized along with the ) .
S ever, when the source is moved closer to the interface, the
head waves as lateral waves. Hron and Mikhailenko (1980) ) ) )
. . . conversion of the tunnelling P-waves to propagating S-mode
were the first to report the existence of a specific type of non- o i ]
. . . L . . becomes more significant (Gutowski ef al. 1984). In this way,
geometric S-wave in their synthetic seismogram. This arrival, ) e o ]
their detectability in synthetic seismograms increases.

Recently, field data evidence of non-geometric PS-
*E-mail: nallouche@slb.com

TPresent address: Schlumberger Gould Research, High Cross, Madin-
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converted waves has renewed our interest in this particular

type of arrivals. Unlike S*, these waves were observed in a data
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Figure 1 Schematic of the wavefield generated by a source
located in a fluid half-space overlying a solid half-space.
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set acquired in a shallow-water environment (Allouche et al.
2011). They were generated by a source with a low-frequency
content towed in the water and recorded by 3-C geophones
and hydrophones placed on the water bottom. Due to the
low apparent velocity of these waves and the linear horizontal
polarization, the hyperbolic shaped arrivals were interpreted
as S-wave reflections. The modelling study in the same pa-
per revealed that these S-waves are not travelling according to
Snell’s law and were consequently classified as non-geometric.

In this paper, we show that the recently discovered non-
geometric PS-wave features the same properties as S*. We ver-
ify the existence of this specific mode in a fluid-solid config-
uration by deriving and computing the transmitted wavefield
in the solid. Using the Cagniard—de Hoop technique, the main
properties of the PS-conversion in the near field are studied
and their relevance to shallow marine seismics is discussed. Fi-
nally, we propose a method to separate the modes converted

at the water bottom from the data using the Radon transform.

2 TRANSMITTED WAVEFIELD IN A
FLUID-SOLID CONFIGURATION

2.1 Theory of non-geometric PS-conversion

To understand the nature of the non-geometric PS-waves, we
derive the transmitted wavefield for the fluid—solid configura-
tion shown in Fig. 1. The source is located at height z; in the
upper half-space (z < 0) consisting of an ideal fluid, and the
receivers are buried in the homogeneous, isotropic, and elastic
solid (z > 0). The generated pressure field P(x, z, t), propagat-
ing in the fluid with a speed ¢/, satisfies the inhomogeneous
wave equation
10°P

vip- -2 =

ey —8(x, 2)8(2), (1)
f

PS-head ivave

where S(¢) denotes the source signature. When we consider a
Cartesian coordinate system and assume a line source along
the y-direction, a well-known solution of this equation can be
written in terms of Weyl’s integral, representing a superposi-
tion of plane waves (Aki and Richards 2002)

1
Pi(x,z,t) = mS(t —r/cy)

1 OO S(w) jolt—px—qrlz—z)
(n) / /,x 274, dpdo. (2)

in whichr = v/x? + 22 and where S(w) is the source spectrum,
p is the horizontal slowness, and w is the angular frequency.

The right-hand side of equation (2) is the time-domain so-
lution of the inhomogeneous wave equation for a monopole
point source, whereas the left-hand side represents the same
solution but obtained in the frequency-wavenumber domain.
These two solutions are equal after applying an inverse Fourier
transform to the frequency-wavenumber solution and evalu-
ating the integral over the vertical slowness using Cauchy’s
residue theorem (Aki and Richards 2002). To satisfy the ra-
diation condition, we define the vertical slowness in the fluid
as q; = ,/1/c} — p* with Im(g;) < 0.

In the solid, the particle velocity v(x, z, t) is governed by
the elastic wave equation:

v

A+ VIV 0) = puV x Vxv—p—5 =0, (3)
where A and p are the Lamé parameters and p, is the den-
sity in the solid. The particle velocity can be decomposed
into rotation-free P-wave and divergence-free S-wave contri-

butions:

v(x, z,t) = vp(x, z,t) +v,(x, 2, t). (4)

© 2015 European Association of Geoscientists & Engineers, Geophysical Prospecting, 1-11



Similarly to the pressure in the fluid, these contributions

are expressed in terms of plane-wave superposition

2 t) = AP e/ lt—Px=a,2+42)
st = g f ] z7; L

+ Aie"“)“‘f”“qs”qrzs’] dpdw,

1 > 1 ; ‘
(%, 2, 8) = —— f/ S | Ale/ PR
‘ (27)* ) Zqu[ )
+ Aie"“’“*l’x*%”qﬂs)] dpdew (5)

where v, and v, are the particle velocity components in the x-
and z-direction, respectively. The vertical slownesses g, and
q,, associated with the P- and S-waves, satisfy the radiation
condition such that

g, =,/1/c5 — p* with Im(q,) <0, (6)
qs =+/1/cz — p> with Im(qg,) <O. (7)

The amplitude factors of the transmitted P- and S-waves
in the x-direction, AY and A:, and in the z-direction, A and
A, are related to the amplitude of the source spectrum S(w)
according to

X

A = Lgr,  a = L,

Pr Pr
A =501, A= LS, (8)
Pr Py

where T, is the transmission coefficient and T; is the conver-
sion coefficient. These coefficients are derived by satisfying
the boundary conditions associated with a fluid—solid inter-
face. Writing the coefficients as particle velocity ratios and in

similar form as de Hoop and van der Hijden (1983) gives

T, = (ps/p)(1/2¢E = p*)/ci Ascps (9)
I =- (pf/los)pqp/cszASCH’ (10)
with

Ascn = pray/4cipqs + (p* — 1/2¢) + p7q,4,. (11)

a term known as the Scholte-wave denominator and is asso-
ciated with surface waves propagating along the fluid—solid
interface (de Hoop and van der Hijden 1983). Substituting
the expressions found for the amplitude factors in equation
(5) results in
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1 * S(w) ol D
L2 t) = T jo(t—px—q z+quS)
Ux(x 4 ) (27_[)2 /[w zqupf [p pe 4

+4q Tef'“““f”‘—qs“‘lfzs)] dpdw
s§7s ’

1 > S(w) ot preq 2t
v (x’ 2, t) — // . T e/(u bpx—q,2+q 2,
: 2n)? J) . 2jae, [a:,

- PTse"“’“*”"*qs”"fzs’] dpdo. (12)

The total wavefield in the solid for a given frequency,
composed of the transmitted P-wave and the converted S-
wave, is obtained by integrating over the horizontal slowness
p. The amplitude contribution to the PS-wave is determined
by the conversion coefficient T;, and their propagation is de-
pendent on the vertical slownesses g, and g,. From the defini-
tion of these slownesses, it can be deduced that, when ¢; < ¢,
the vertical slowness associated with the pressure wave in
the fluid, i.e., g, becomes imaginary for p-values exceed-
ing 1/c;, whereas ¢, the vertical slowness related to the S-
mode in the solid is still real in the range 1/c; < p < 1/c,.
In this particular case, the incident fluid wave with an am-

2
plitude decaying exponentially (~ e pz_l/cf‘zfl)

with depth
is converted at the interface to a propagating S-mode giving
rise to the non-geometric PS-wave (P*S). However, if ¢; > ¢/,
the converted S-wave becomes imaginary for p-values larger
than 1/c¢,, whereas the incident fluid wave is real in the p-
value range 1/¢; < p < 1/¢;. In this case, the S-wave is prop-
agating only along the interface giving rise to the FS-head

wave.

2.2 Synthetic example

To illustrate the difference between the geometric and non-
geometric PS-conversions at the fluid-solid interface, we
adopted two simple models consisting of a fluid half-space
with ¢, = 1500 m/s and p, = 1000 kg/m’ overlying an elas-
tic layer with seismic properties representative of: (i) a
slow formation with ¢, = 1650 m/s, ¢, = 200 m/s, and p, =
1200 kg/m’ and (ii) a fast formation with ¢, = 4500 m/s,
¢, =2100 m/s, and p, = 2500 kg/m’. We also make a dis-
tinction between two types of conversions. One conversion
occurs due to a source placed at height » = 2, and the sec-
ond occurs due to a source placed at height » = A/8 with re-
spect to the interface, with A being the dominant wavelength
of the source. Figure 2 shows the transmitted responses com-
puted using the reflectivity method (Fuchs and Miiller 1971;
Schmidt 1988) for receivers located 50 m below the fluid-solid
interface.

© 2015 European Association of Geoscientists & Engineers, Geophysical Prospecting, 1-11
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Figure 2 The horizontal particle velocity of the transmitted wavefields for: the soft formation model with the source located at height » = 21
(a) and b = A/8 (b) above the interface and the stiff formation model with the source located at height » = 24 (c) and h = 1/8 (d) above the

interface.

For the soft formation, the transmitted wavefield is com-
posed of two events, namely, the transmitted P-wave and the
converted S-wave. However, when the source is situated closer
to the interface, a third distinctive event with a lower domi-
nant frequency appears (see Fig. 2(a)). The low apparent ve-
locity is indicative of this event identified as the non-geometric
PS-wave (P*S). The difference between the two cases for the
stiff solid is less visible, as shown in Fig. 2(b). In both cases,
the response consists of the transmitted P-wave, the converted
S-wave, and the PS-head wave.

2.3 Mapping the response in the linear Radon domain

As explained in the theory, the non-geometric arrivals are con-
fined to a specific range of horizontal slownesses p between

1/c; and 1/c,. A convenient way to illustrate this is to map
the wavefield into the linear Radon domain (Deans, 1983)
by merely summing the traces along lines with constant p
according to

+o00
o(p,T) = / v(x, T + px)dx, (13)

oo

where T is the intercept time defined as I’ = ¢# — px. Because
the horizontal slowness can also be defined as p = A¢/Ax,
the transformed data can be interpreted as a summation of
all the dip components present in the response. The steepest
part of the slowest event, the asymptote of its hyperbola, is
the maximum p-value at which the data are mapped in the
(T, p) domain.

© 2015 European Association of Geoscientists & Engineers, Geophysical Prospecting, 1-11
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Figure 3 The horizontal particle velocity of the transmitted wavefield mapped in the linear Radon domain: the soft formation model with the
source located at height b = 21 (a) and b = 1/8 above the interface (b) and the stiff formation model with the source located at height b = 21
(c) and h = 1/8 (d) above the interface. The dashed lines denote the maximum p-value of the geometric (1/¢ ) and non-geometric waves (1/¢).

For the soft formation example, with » = 21, the max-
imum p-value corresponds to the asymptote of the converted
wave, which is equal to the inverse speed of the fluid wave as
demonstrated in Fig. 3(a). However, if the source is placed at
h = 1/8 and the non-geometric PS-wave is excited, it can be
observed that the maximum p-value in this case becomes the
inverse of the S-wave velocity. The non-geometric PS-wave
is stacked along slopes ranging between [—1/c,, —1/c/] and
[1/¢£,1/¢,] and is not overlapping with the transmitted
P-wave, making it easier to separate in this domain.

No notable differences, caused by changing the source
height, are observed in the Radon-transformed responses of
the stiff formation (compare Fig. 3(c) and 3(d)), confirming
the fact that non-geometric PS-waves are not excited in this
case.

3 PROPERTIES OF THE NON-GEOMETRIC
PS-WAVE USING THE CAGNIARD-DE
HOOP METHOD

Non-geometric arrivals have specific properties that distin-
guish them from other types of events: (i) they travel kine-
matically as if they were excited at the projection point of
the source on the interface; (ii) their amplitudes exponentially
decrease when the source is moved away from the interface,
revealing their evanescent character in water; and (iii) they are
confined to a specific region of horizontal slownesses. These
properties are discussed in the literature mainly with refer-
ence to S*. In this section, we verify whether the identified
non-geometric PS-mode, associated with a fluid—solid config-
uration, features the same properties. The Cagniard-de Hoop

© 2015 European Association of Geoscientists & Engineers, Geophysical Prospecting, 1-11
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Figure 4 The modified integration path and the singularities 1/c,,,1/c, and 1/¢, plotted in the complex p-plane. (a) The Cagniard path for

receiver distance where no head waves are generated. (b) The extension in the integration path for receivers where head waves can occur.

method is suitable for this purpose because it provides an ex-
act solution for the PS-converted wave, expressed explicitly in
the space-time domain. This is done by modifying the inte-
gration path along p into a form that can be recognized as the
impulse response or Green’s function. The basics about this
method are treated by several authors (de Hoop and van der
Hijden 1983; Drijkoningen and Chapman 1988; Chapman
2004) and will not be discussed with many details in this
paper.

We start by omitting the factor S(w), associated with the
source, from equation (12) and introduce it later to the time-
domain expression by convolution. The PS-response in the
space—frequency domain is then

{03, 2, w), D3(x, 2, w)}

= o [ (Cuph CpnTe o ap, (14)

where  {C.(p), C.(p)} = (—a./2qs0¢, P/2q7p¢}. The p-
contour of integration can be distorted from the real axis to
the Cagniard contour by solving for Im(r) =0 where
T = PpX+ 43— qyZ.

Since function t is quartic for p, the square roots are
sought numerically. We are considering ¢, < ¢; < ¢, the case
in which the non-geometric PS-waves are excited. Fig. 4(a)
schematically shows the Cagniard path along which function
7 is evaluated. It is possible that p,, the p-value correspond-
ing to the transmitted S-wave, crosses the branch cuts 1/c,
and 1/¢, given rise to head waves. To account for this, the
Cagniard path can be extended by a loop around the small-
est branchpoint 1/¢, as indicated in Fig. 4(b). We find the
following expressions for Green’s function G*(x, z, t)

{Gi(x, 2, 8), Gi(x, 2, 1)}

0 for —oco<t<t,,,
T,
1Im I:{Cx, Cz}m][:m " for 1, <t<t,
L
%Im [{Cx, Cz}m]p:p-m for t <t < oo,
where
drjip=x— Loy Lo, (15)
Vs Vr

t, is the travel time of the S-wave, and

x 1 1 1 1
b= — "+ 35— =32— |75 = 5% (16)
) & a ;<

is the travel time of the head wave.
It should be noted that, for the studied case, two head
waves are generated: a PS-head wave related to the P-

wavefront in the solid and another one related to the pressure
wave in the fluid (see Fig. 1). The Cagniard—de Hoop method
does not make a distinction between these two events. Since
¢, > ¢, the head wave denoted in the derived response is the
one associated with the P-wave in the solid.

In the synthetic example, we have shown that the non-
geometric PS-wave is observed when the ratio between the
dominant wavelength and the source height is fractional
(A/h =1/8). As explained in the theory, this is caused by
the evanescent nature of this wave in the fluid; its amplitude
is therefore exponentially dependent on the source height.
Figure 3 illustrates the amplitude and phase behaviour of the
PS-wave as a function of 1/ b, computed with the Cagniard-de
Hoop solution for two receiver positions. At the first receiver,
located 5 m from the source, the PS-wave is geometric and

decays less rapidly than the non-geometric one, visible on the

© 2015 European Association of Geoscientists & Engineers, Geophysical Prospecting, 1-11
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Figure 5 (a) The horizontal component of the PS-wave particle velocity computed using the Cagniard—de Hoop method for different /A ratios
at a receiver located 5 m away from the source and (b) the corresponding modified Cagniard paths. (c) The PS-wave particle velocity computed
for different /A ratios at a receiver located 50 m away from the source and (d) the corresponding modified Cagniard paths.

second receiver, as the source is moved away from the in-
terface. The latter even disappears as the ratio A/ b exceeds
one. In addition, a clear trend in the associated Cagniard path
is observed when the ratio A/ /4 is increased. For the second
receiver, where the non-geometric PS-wave is diverged from
the head wave, the curve gets closer to the real axis, and at a
certain point, it bends away rapidly. If the source was actually
placed on the interface, the contour would intersect with the
real axis at this specific point and this ray would correspond
to the geometric S-wave arrival (Drijkoningen and Chapman
1988; Hong and Helmberger 1977). The bend in the Cagniard
path is due to the ray p = sinf/c, where 0 is the angle shown
in Fig. 6. Approximations of non-geometric arrivals can be
deduced by expanding around this specific ray (Drijkonin-
gen and Chapman 1988). The range of existence of the non-
geometric PS-wave is restricted at one side by p = 1/¢;, and
therefore, it appears first at the angle 6* = sin™" (¢, /c/). This
implies that the angle of appearance 6* is dependent on the
ratio between the S-wave velocity in the solid and the sound
speed in the fluid (c,/c;). We can easily verify this by comput-

O
=
-90° 90°
0
-0 6*=sin(c/c,)
&

Figure 6 Sketch of the appearance region of the P*S-wave. The grey
area indicates the angles at which the P*S-wave appears starting at
0.

ing the response for the configuration drawn in Fig. 6. The
results modelled for two ¢,/c, ratios are displayed in Fig. 7.
For a high ¢ /¢, ratio of 1000/1500, the non-geometric PS-
wave appears at 0* = 41.8°, where it diverges from the two
head waves. However, when ¢ /¢, is low, such as 200/1500,
the angle of appearance is rather small (6* = 7.7°).

© 2015 European Association of Geoscientists & Engineers, Geophysical Prospecting, 1-11



8 Nihed Allouche and Guy Drijkoningen

Radiation angle 6

90 60 -30 O 30 60 90
0
PS-head wave
\ )
024 | |\ /
O / e
g
= \ =
L7 P*S
L : 4
0.6 Scholte wave
08 0*=7.7°
(a)

Radiation angle 6

90 -60 -30 O 30 60 90
0 |
0.05+
1
f\ PS-head waye
M L4
{ \ FS-head wave
bi /
\ 7/
0.10+ /i L J
R X r\--r<—<—1——}—$- P’S|
Scholte wave
0.15
0.20

0"=41.8°
(b)

Figure 7 PS-wave particle velocity computed for different angles of incidence with receivers placed in the solid at fixed radius from the source

(see Fig. 6 for the configuration): (a) a solid with ¢,/c; = 200/1500 and a corresponding angle of appearance 6* = 7.7° and (b) a solid with

¢;/cp = 1000/1500 and a corresponding angle of appearance 6* = 41.8°.

4 SEPARATION OF NON-GEOMETRIC
PS-WAVES USING LINEAR AND
PARABOLIC RADON TRANSFORMS

Based on the discussed properties of the non-geometric PS-
wave, it can be stated that this mode has the potential to
be useful to infer S-wave information and image the shallow
marine subsurface using such S-waves. In particular, the kine-
matic behaviour of this wave is beneficial. The non-geometric
wave behaves as if it was generated at the water bottom with-
out actually having to put the source there. This may consid-
erably increase the efficiency of collecting S-wave data in the
field. As shown in the synthetic example, a convenient method
to identify these arrivals is to transform the wavefield to the
Radon domain. This domain is also appropriate to separate
the geometric arrivals from the non-geometric ones as we will
show in this section. For this purpose, we define a simple hor-
izontally layered model with the seismic properties shown in
Fig. 8 and compute its full response for a source located in
the water and receivers on the water bottom using reflectivity
modelling (Fuchs and Miiller 1971; Schmidt 1988).

In Fig. 9, various types of events are identified and la-
belled in the computed horizontal component of the wavefield.
After performing a linear Radon transform, it can be noticed
that the events are quite well separated in this domain. All

the P-waves and geometric PS-reflections are mapped within
the two lines, representing the horizontal slownesses —1/¢,
and 1/¢;. Outside the denoted region, the non-geometric PS-
waves and the Scholte waves are recognized. Practically, we
can transform the two regions separately back to the space—
time domain, thereby filtering either the geometric or the non-
geometric waves. In Fig. 10, the filtered outcomes are com-
pared. In addition to the P-waves and the PS-waves converted
at reflectors in the sediments, the apex of the reflection hy-
perbola, belonging to the PS-modes converted at the water
bottom, is confined to the geometric part as well. However,
since we aim to process these specific PS-modes, behaving
kinematically as pure S-waves, separately, such a filter is not
desirable.

To preserve the geometric and non-geometric parts of the
PS-waves converted at the water bottom, it is better to filter

these in the parabolic Radon domain defined as follows:

v(q,T') = f:o

where ¢ is the curvature and T is the intercept time. Fig. 11

v(x, T 4 qx*)dx, (17)

shows the result of transforming the wavefield using equa-
tion (17). The appearances of the reflections of interest, de-
noted by black arrows, are different in this domain. They are
identified by their intercept time and their strong curvature.

© 2015 European Association of Geoscientists & Engineers, Geophysical Prospecting, 1-11
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Figure 8 (a) P-wave velocity profile, (b) S-wave velocity profile, and (c) density profile used for the simulations shown in Figs. 8 and 9.
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Figure 9 The horizontal component of particle velocity in the space—time domain (a) and in the linear Radon domain (b).

We separate these modes by applying a fan-shaped filter that
mutes the reflections with small curvature values. The remain-
ing arrivals are subsequently transformed back to the space—
time domain. The final result consists only of modes converted

at the water bottom and kinematically behaving as if they
were generated by a shear source. These modes can then be
processed to obtain an S-wave image of the shallow marine
subsurface.
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Figure 10 (a) The filtered geometric events and (b) the filtered non-geometric events.
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Figure 11 (a) The transformed wavefield in the parabolic Radon domain and (b) the filtered PS-S modes.

5 CONCLUSIONS configuration by analysing the transmitted wavefield. This
The non-geometric PS-wave was observed in shallow marine ~ particular mode of conversion is excited only when the S-
seismic data. In this paper, we have theoretically explained ~ wave velocity in the solid is lower than the sound speed in the
the existence of the non-geometric PS-wave in a fluid-solid fluid and becomes detectable on synthetic seismograms if the
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dominant wavelength of the emitted signal exceeds the source
height.

The existence of the non-geometric PS-wave is restricted
to a range of horizontal slownesses varying between 1/¢, and
1/c,, whereas the P-wave is confined to the range 0 and 1/c,,.
In the solid, this wave appears at a specific angle measured
from the projection point of the source on the interface, where
it diverges from the head waves. This angle of appearance is
dependent on the ratio between the S-wave velocity and the
sound speed of the fluid. Higher ratios result in lower angle
of appearance. This is mainly the case in soft unconsolidated
sediments.

The non-geometric behaviour of the P*S is potentially
interesting for the seismic method in a shallow marine envi-
ronment because these specific modes can be treated as pure
S-waves generated by a shear source located on the water
bottom and their apparent velocity is directly related to the
S-wave velocity in the subsurface. Mapping the wavefield in
the parabolic Radon domain enables the separation of these
waves from the remaining arrivals.
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