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Seismic sequence analysis and attribute extraction
using quadratic time-frequency representations

Philippe Steeghs* and Guy Drijkoningen?

ABSTRACT

The variation of frequency content of a seismic trace
with time carries information about the properties of the
subsurface reflectivity sequence. As a result, analysis of
the data in terms of the local frequency content can pro-
vide a worthwhile addition to the standard procedures
that are used in seismo-stratigraphic interpretation. The
theory of quadratic time-frequency representations pro-
vides a solid foundation for local frequency analysis of
seismic data and seismic attribute extraction. Two appli-
cations of the quadratic time-frequency representations
are demonstrated: seismic sequence analysis and seismic
attribute extraction. The joint time-frequency represen-
tation of a seismic reflection pattern is often much more
easily interpreted in terms of subsurface stratification
than the time-or frequency-domain description alone.
We show how the time-frequency representation can be
used to delineate seismic sequences on the basis of the
time-frequency characteristics of the signal. There exists
a close relation between complex-trace attribute analy-
sis and quadratic time-frequency representations. In the
time-frequency approach, the seismic attributes are char-
acteristics of the local spectrum. Extraction of the at-
tributes from the time-frequency representation of the
seismic trace leads to considerable improvement of
the signal-to-noise ratio of the attributes. Furthermore,
the classic set of seismic attributes of instantaneous am-
plitude, phase, and frequency can be easily extended with
other parameters describing the local spectrum, such as
instantaneous bandwidth, skewness, and kurtosis.

INTRODUCTION

The frequency content of a seismic trace is primarily deter-
mined by the bandwidth of the outgoing seismic pulse and the

absorption characteristics of the subsurface. However, the vari-
ations within this band are primarily the result of changes in the
timing of seismic events. These changes may result from thick-
ness variations or a strong lateral change in interval velocity.
Assuming that the seismic section represents the band-limited
reflectivity of the subsurface, the variations in spectral content
of the seismic trace can be used to characterize the stochas-
tic properties of the reflectivity. The power spectrum, which
shows how the energy of a signal is distributed over frequency,
is the most commonly used representation to analyze the spec-
tral content of a data sequence. However, the power spectrum
does not reveal whether the frequency content changes with
time and where these changes occur. Hence, for studying vari-
ations in spectral content, we need an extension of the global
power spectrum to a representation that localizes the energy of
the signal both in time and in frequency. There are many ways to
devise such a joint time-frequency representation, and it largely
depends on the type of signal under analysis which one per-
forms best in terms of resolution and readability. In this paper,
we discuss the class of quadratic time-frequency representa-
tions of which the Wigner distribution and the spectrogram are
the most widely known (Hlawatsch and Boudreaux-Bartels,
1992; Cohen, 1995). This class of representations provides a
natural framework for complex-trace attribute analysis. The
instantaneous frequency, for instance, can be considered as the
mean frequency as a function of time of a joint time-frequency
representation. The relation between time-frequency repre-
sentations and seismic attributes has been discussed by Barnes
(1993a) and Bodine (1986). This paper provides a more gen-
eral framework that also incorporates their approach. We will
exploit the relation between the complex-trace description and
the time-frequency representation to clarify some of the prop-
erties of complex-trace attributes and to develop more robust
methods for seismic attribute extraction. Furthermore, using
the time-frequency approach, we can also define new attributes,
such as instantaneous bandwidth and third- and fourth-order
statistical measures.
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The paper is organised as follows. We first introduce the time-
frequency representations of the quadratic class. The mathe-
matical properties of these time-frequency representations and
their relation to complex-trace attribute analysis are discussed
in an Appendix. We discuss two applications of the method in
more detail: seismicsequence analysis and attribute extraction.

TIME-FREQUENCY REPRESENTATIONS

The most straightforward approach to obtain a time-
frequency representation is to divide the signal into short time
segments and determine the spectrum of each segment by
means of a Fourier transformation. The result of this opera-
tion is the short-time or sliding-window Fourier transform. If
we weight the data at each time 7 with a window function w(z),
a modified signal u,(7) is obtained as

u(t) = u(r)w(r — 7). (1)

The sliding window Fourier transform, &,( f), is given by
8 (f) = / exp(—i2nfOu(t)dr. ()
TER

Repeating this procedure for each time r and taking the squared
modulus of &, ( f), we obtain the time-frequency representation

S(t; ) =l ( )P, 3)

which is the spectrogram of the signal. A problem associated
with the spectrogram is that the result is strongly influenced
by the choice of window function w(z). The windowed signal
u,(t) and the local spectrum are a Fourier transform pair. Con-
sequently their broadness in time and frequency is governed by
the uncertainty principle. Improving time localization by using
a shorter window, results in a broadening of the local spectrum
and, consequently, frequency localization deteriorates. The re-
verse happens when lengthening the time window. In that case,
frequency localization is improved at the cost of time local-
ization. Figure 1 illustrates this property of the spectrogram.
A seismic trace is analyzed with both a short-time window
(Figure 1b) and a long window (Figure 1c). The localization
of energy in the joint time-frequency domain is strongly de-
pendent on the duration of the analysis window. In the short-
window spectrogram, we observe that the signal components
are well localized in time, but we have poor frequency local-
ization. If we increase the window size, frequency localization
is improved, but time localization deteriorates.

Improvement of the resolution of the sliding-window Fourier
transform was one of the motivations behind the development
of other techniques for the analysis of nonstationary signals.
An effective way to minimize window effects is use an analysis
window that is matched to the signal. For certain types of sig-
nals, excellent results can be achieved by using the reverse of
the signal as an analysis window. Using the reversed signal as a
window function, we obtain the time-frequency representation,

. 1 1
W(t; f) :/ exp(—2nf)ult+ =7 |Ju*(t — =7 ) d7,
T€R 2 2
4)
where the asterisk denotes complex conjugation. The time-
frequency representation W(z; f) is the Wigner distribution of

u(t) (Claasen and Mecklenbriuker, 1980). Because the signal
now enters twice into the representation, the representation

is called a quadratic or bilinear time-frequency representa-
tion. In Appendix A, we discuss some of the mathematical
properties of the Wigner distribution.

Figure 1d shows the Wigner distribution of the seismic trace.
The localization of energy in the time-frequency plane has con-
siderably improved. However, a striking feature of the Wigner
distribution is the oscillating ridges between two signal com-
ponents at (¢, f)-locations where no energy is expected. These
cross terms are an expression of the quadratic nature of the
Wigner distribution. The interference of these cross terms com-
plicates the interpretation of the Wigner distribution of most
real-world signals. However, for many signals, these cross terms
can be suppressed by smoothing the Wigner distribution over
time and frequency, i.e.,

ran=[ [ weirwe-ris-para
t'er J f/er

)

The smoothing function W(z; f) is called the kernel of the

time-frequency representation. Each particular kernel results

in a different time-frequency representation, and the proper-

ties of this time-frequency representation can be derived from
the properties of the associated kernel (Appendix A). The
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FIG. 1. (a) A seismic trace and (b) Spectrogram using a long
window, (c) short-window spectrogram, (d) Wigner distribu-
tion, and (e) adaptive optimum kernel time-frequency repre-
sention. Horizontal axis is time, vertical axis is frequency.
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class of time-frequency representations that can be obtained
by smoothing the Wigner distribution is called Cohen’s class
(Cohen, 1989, 1995). The spectrogram of equation (3) is also
a member of this class. For the spectrogram, the associated
smoothing kernel is the Wigner distribution of the analysis win-
dow w(t). In the Fourier domain, the two-dimensional convo-
lution of equation (5) transforms into a two-dimensional filter
operation. The design of these filters, one tries to maximize
the suppression of the cross terms while compromising other
desirable properties of the time-frequency representation as
little as possible. For instance, there is a trade-off between
preservation of the resolution (minimal smoothing) and the
degree of cross-term suppression (maximal smoothing). The
location and amplitude of the cross term depends on the sig-
nal. Consequently, this trade-off can be optimized by adapting
the shape of the smoothing kernel to the characteristics of the
signal under analysis. Optimum kernel design for quadratic
time-frequency representations is discussed in Appendix A.
An adaptive optimum kernel time-frequency representation
of the seismic trace is shown in Figure 1e. The cross terms have
been largely suppressed, while at the same time the resolution
has not deteriotated much compared to the Wigner distribu-
tion. Note that both short-duration signal components (pulses)
and long-duration components (tones) are localized equally
well. It is this ability to sharply localize energy in both time
and frequency that makes the optimum kernel time-frequency
representation very well suited for local spectral analysis of
seismic signals.

SEISMIC SEQUENCE ANALYSIS

In order to relate the parameters that can be extracted by
signal analysis to a subsurface model, some assumptions and
simplifications have to be made with regard to the physics in-
volved in a seismic experiment. The first corollary is related to
the physical model that links the seismic sequence to stratifi-
cation. It is assumed that the seismic reflection data represent
a band-limited reflection coefficient sequence. This is a strong
assumption, because we know that seismic data we measure
at the surface is generally quite remote from a primary-only,
acoustic, reflection response. Many other wave phenomena are
present in our data, such as multiple reflections, energy con-
versions from longitudinal to shear waves, and anelastic effects
giving rise to attenuation and dispersion. The goal of seismic
preprocessing and migration is to remove all wave phenomena,
other than the specular reflections from impedance contrasts.
Hence, the assumption can be phrased differently by saying
that it is assumed that the seismic processing did its work and
the time-frequency representation of our datais a good approx-
imation of the time-frequency representation of the subsurface
reflection response within the source bandwidth. As there is a
one-to-one time-depth relation between the time and depth re-
flectivity functions, we assume that an event that is localized in
time in the time-frequency representation of the data is an ex-
pression of the stratification of impedance at the corresponding
depth.

The second corollary pertains to the method that is used
for modeling of the seismic response. The synthetic examples
in the section were generated using a plane-wave modeling
scheme based on the reflectivity method (Fuchs and Miiller,
1971; Fokkema and Ziolkowski, 1987). The input model is that

of alayered earth, where the layers are bounded by impedance
discontinuities. Gradual changes in impedance are therefore
approximated by replacing them by thin layers with small re-
flection coefficients between them. Although this is not a triv-
ial step, it will be shown that in the cases presented here,
the assumption of a layered earth leads to synthetic seismic
data that can closely match the measured data. The examples
all represent the vertical incidence response, which precludes
the presence of angle-dependent effects and longitudinal-to—
shear-wave energy conversion. However, internal multiple re-
flections have been included in the modeling.

Our model of a seismic sequence is based on the observation
that a seismic reflection profile on the scale of several hundreds
of meters consists of a limited number of strong reflections. Be-
tween these major boundaries, one usually observes a seismic
reflection pattern that results from closely spaced impedance
contrasts that cannot be resolved individually. The strong re-
flections are usually associated with sequence boundaries, and
the interference composites determine the seismic facies. An
idealized depth model of this type of impedance distribution is
shown in Figure 2, together with its seismic reflection response.
The model is that of a layered sequence between two homo-
geneous layers. The mean velocity of the sequence is 2000 m/s.
The velocity fluctuation consists of two types of components.
The first type of component is a harmonic variation. There are
two components of this type in the model. They both have an
amplitude of 50 m/s and spatial frequencies of, respectively,
0.1 and 0.125 1/m. The second component has an amplitude of
50 m/s and a spatial frequency that increases with depth at a
rate of 0.0003 m~2. In the depth model, the density has been
kept constant at 1000 kg/m>. Note that it is not possible to
distinguish the individual components in the time response.

In Figure 3 we show time-frequency representation of the
synthetic seismic trace. The spectrum of the seismic response
shows two peaks at frequencies 100 and 125 1/s, related to the
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FIG. 2. Components of the velocity model, velocity depth
model, and seismic response to the depth model.

Downloaded 27 May 2009 to 131.180.60.61. Redistribution subject to SEG license or copyright; see Terms of Use at http://segdl.org/



1950 Steeghs and Drijkoningen

POWER SPECTRUM [nl \
N
v |
i W
.WWWWMN ] W T'\J%WMWVM
0 50 100 150 200
frequency [1/s]
T
01} =
==
w | =
E 0.2 =
08 =
4 ]
0 0

FIG. 3. Time-frequency representation of the seismic response
to the depth model.
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harmonic components of the stratification. Apart from these
two peaks, the shape of the amplitude spectrum of the seismic
reflection response follows that of the source pulse (dashed
line). The three components of the stratification and the bound-
aries of the sequence show up as separate entities in the time-
frequency plane. The strong reflections from the top and base
of the sequence are visible as two impulse type components
(denoted by a 1 in the figure). The energy that is reflected
on two harmonic components (2) is located on a ridge at fre-
quencies 100 and 125 1/s. The linear increase of frequency with
depth of component (3) results from the increase of spatial
frequency with depth of the third component of the velocity
fluctuation.

In Figure 4, we show some seismic modeling results for four
one-dimensional seismic sequences. The response to the re-
flectivity was modeled in the frequency domain and then band
limited with a 70 1/s Ricker wavelet. Internal multiples were
taken into account in the modeling. Each of the models has a
first layer with a thickness of 200 m on top. Velocity and den-
sity in the first layer of the model are 1500 m/s and 1000 kg/m?,
respectively.

0.2

0.3}

depth [m]
s w n
o o o
o o o
time [s]
o (]
S w

n

2 24 26 28
Z [MPa/s]

100

200

depth [m]
(%]
(=]
o

400
22 24 26 28
Z [MPa/s]
150
—200
E
Ny
£ 250
@
o

300

350

o
(&)}
w

Z [MPa/s]
150
—200
E
£ 250
o
[17)
350
2.5 3 3.5
Z [MPa/s]

. E 0.2
. 2

0.4

0 50 100 150
frequency [1/s]

0 50 100 150

0 50 100 150

0 50 100 150
frequency [1/s]

FIG. 4. One-dimensional impedance depth models, seismic response, and time-frequency representation of the
synthetic seismic trace.
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The first sequence has layers of constant thickness of 6 m.
The velocity of the layers alternates between 1625 and 1675 m/s.
This type of sequence is also known as a binary sequence. A
set of two layers is called a motif. The band width of the re-
flected signal from this type of sequence is narrow around the
frequency of the response to one motif and integer multiples
of this frequency. In this case, the temporal frequency of one
motif is around 69 1/s. Higher frequency bands are not ob-
served because they are outside the frequency band of the
source pulse. Although this is not immediately apparent in the
time-frequency representation shown here, the transfer of en-
ergy from primary to multiple reflections results in an attenu-
ation of the primary pulse and delay of the arrival of energy.
An elaborate discussion of the seismic response to this type of
sequence can be found in Morlet et al. (1982).

The second sequence consists of 50 layers with randomly dis-
tributed thicknesses and velocities. The mean thickness is 3 m
and the maximum deviation of the (uniform) random compo-
nent of the thickness is 2 m. The velocity is 1650 m/s with a max-
imum deviation of 130 m/s. Density was taken proportionally
to the velocity. The random thicknesses and velocities result in
a time-frequency representation of the reflection pattern with
no evident relation between time and frequency localization of
the energy.

The third and fourth sequences are a combination of
Gaussian-distributed alternating velocities, superposed on a
linear velocity gradient. Their main feature is an increase of
layer thickness with depth for the third sequence and a de-
crease of layer thickness with depth for the fourth sequence.
Both models consist of 25 layers with thicknesses ranging be-
tween 0.5 and 12 m. In sequence 3, the thickness of the layers
increases with depth, and this model may serve as a model
for a depositional sequence in which the rate of sedimentation
decreases with geologic time. The thickness of layers in the
fourth sequence decreases with depth, which would happen if
sediment input increases as a function of geologic time.

The change of layer thickness gives rise to frequency tun-
ing of the response towards the frequency of the (time) thick-
ness of the layering. As a result, these gradual changes in layer
thicknesses can be recognized in the time-frequency represen-
tation of the seismic signal as a change of frequency content
as a function of seismic traveltime. These synthetic data exam-
ples demonstrate that the contribution of the stratification of
the impedance to the frequency content of a reflected signal is
elicited by the time-frequency representation of the data. The
time-frequency representation effectively maps the reflection
response into an time-frequency pattern from which the reflec-
tion configuration can be interpreted more easily than from the
time image.

Figure 5 illustrates the application of time-frequency
sequence analysis to field data. The seismic section is a part
of a regional 2-D seismic line from the Alboran Sea. A stan-
dard seismic processing sequence was applied to the data, fol-
lowed by f-k migration. In the time-frequency representations
of the first and last trace of the section, we can distinguish three
components in the upper part (0-0.5 s) in both time-frequency
representations. The resemblance of the upper part of the two
time-frequency representations indicates that the properties of
the signal remain fairly constant over a large spatial range. In
a seismic facies interpretation, we can describe this part of the
section as consisting of continuous events with little change

of reflector spacing as a function of lateral distance. The first
component is the reflection from the high contrast at the sea
bottom, which shows up as an impulselike event in the time-
frequency plane. Below the sea-bottom reflector, we observe an
increase of frequency with time until approximately t =0.35s.
At r=0.35s, there is an abrupt change, and a decrease of fre-
quency time occurs until 0.5 s. Below 0.5 s, the energy is less
well localized in the time-frequency representations, indicat-
ing a more randomly stratified subsurface. The localization
of energy in the lower part of the first trace is clearly differ-
ent than in the last trace. This difference can be attributed to
a change of bed spacing with offset. Hence, an evaluation of
time-frequency representation results in a division of the seis-
mic section into two seismic units. In the upper unit (0-0.5 s),
we can distinguish three separate components, of which one is
the sea bottom reflection. The other two time-frequency com-
ponents enable a further subdivision of the upper unit into two
subunits.

Although the time-frequency representation itself provides
aclear display of seismic facies characteristics, it will be difficult
to use in a routine seismic facies analysis. Computing the time-
frequency representation for each trace in a seismic section re-
sults in a three-dimensional data volume. The size of this data
volume will clearly complicate the interpretation of the time-
frequency representation. However, we can attempt to reduce
the amount of data by describing the time-frequency represen-
tation with a limited number of parameters. For example, we
separate the time-frequency representation P(z; f) into two
time-frequency representations: one that only has components
with an increasing frequency as a function of time, U(¢; f), and
another that only has components that show a decrease of fre-
quency as a function of time, D(¢; f). We can separate these
components in the two-dimensional Fourier transform of the
time-frequency representation because each type occupies a
different half-plane in the transformed domain. We map the
result onto a one-dimensional parameter,

/|U(r; P — 1D )l df
/IP(t;f)Idf |

The parameter g(7) measures the relative contribution of each
type of component to the total energy of the signal as a func-
tion of time. The result is plotted in Figure 5c. Darker shades
indicate that more energy is found in components that have
an increasing frequency as a function of traveltime. We can
now clearly distinguish the two units. The upper unit shows lit-
tle spatial variation, and the three subunits can be clearly dis-
tinguished. The frequency remains fairly constant in the first
0.15 s, there is an overall increase in frequency between 0.15
and 0.35 s and decrease between 0.35 and 0.5 s. The lower
unit shows large variation as a function of offset and time,
indicating a less pronounced stratification pattern. Jurado and
Comas (1992) consider the seismo-stratigraphic interpretation
of seismic reflection data from the same region. The part of
the section shown here coincides with their facies unit I, con-
sisting of sediments of Pliocene to recent age. They divide the
unit into two subunits that are separated by an unconformity.
The result of the time-frequency analysis confirms this division
and adds a further refinement by the subdivision of the upper
unit.

g(r) = (6)
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SEISMIC ATTRIBUTE EXTRACTION

The complex-trace attributes, first introduced to seismic in-
terpretation by Taner and Sheriff in 1977, are still widely used
for the characterization of waveforms. The complex-trace de-
scription and the general class of quadratic time-frequency
representations are intimately related (Appendix A). In the
complex-trace notation, the seismic trace is an analytic signal
given by

u(t) = a(t) exp(j2n (1)), ™)
where a(7) is the instantaneous amplitude and ¢ (¢) is the instan-
taneous phase. The complex-trace instantaneous frequency
f€(¢) is the derivative of the instantaneous phase,

1 d¢(1)
‘)= =— . 8
r0 =5 ®)

The instantaneous frequency can be estimated directly us-
ing a discretized version of equation (8). Unfortunately, such
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an estimate is highly susceptible to noise. However, the in-
stantaneous frequency can also be estimated from the time-
frequency representation. The mean frequency of the time-
frequency representation as a function of time, f™(z), is
given by

/ FPG: £ df
T ©

where E(t) is the time marginal E(t)= [ P(¢; f)df. Hence,
the mean frequency is the first moment of the time-frequency
representation, normalized by the energy. For the Wigner
distribution, the complex-trace instantaneous frequency and
f™(¢) are equivalent [equations (A-8)—(A-14)]. However, for
a smoothed Wigner distribution, the relation between f™(t)
and f°(¢) is determined by the properties of the smooth-
ing kernel. If the constraints on the kernel given in equa-
tions (A-24) and (A-25) hold, f¢(¢) and the average frequency
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FIG. 5. (a) Seismic section, time-frequency representations of the (b) first and (c) last trace of the section, and
(d) sequence classification.
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f™(¢) remain equivalent. For attribute extraction, we prefer
kernels for which these constraints do not hold, since we want
to replace the complex-trace instantaneous frequency by a
more robust estimate of local average frequency. Using an opti-
mum kernel time-frequency to compute the average frequency,
some of the less desirable properties of the complex-trace in-
stantaneous frequency, such as its tendency to go negative and
its sensitivity to noise, can be avoided.

Figure 6 shows a seismic trace, its complex-trace instan-
taneous frequency obtained by phase differentiation, and
the mean frequency obtained from an optimal kernel time-
frequency representation. The complex-trace instantaneous
frequency has anomalously high and low values that obscure
more subtle variations of frequency content. The mean fre-
quency as obtained from the optimum kernel time-frequency
representation appears to be a more reliable indicator of the
dominant frequency. Figure 7 shows a part of a migrated seis-
mic section, the local average frequency of the data as ex-
tracted from an optimum kernel time-frequency representa-
tion, and the instantaneous frequency that was obtained by
complex-trace analysis. For each trace in the section, the op-
timum kernel was computed using the method described in
Baraniuk and Jones (1993b). We then estimated the average
frequency of the resulting time-frequency representation using
equation (9). Fine detail that is difficult to observe in the orig-
inal section is brought out by the mean frequency display. The
high frequency event at about 0.35 s can also be observed in the
time-frequency representations of Figure 5. The event marks
the lower boundary of the upper subunit that was observed in
the seismic facies analysis of the same seismic section. In the
mean frequency display, this boundary shows up as a highly

(a) seismic trace
0.4 T r T T
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FIG. 6. (a) A seismic trace, (b) complex-trace instantaneous
frequency obtained by phase differentiation, and (c) mean fre-
quency of the adaptive optimal kernel time-frequency repre-
sentation of the trace. For comparison, the dotted line in (b) is
thez s;)lid line in (c), and the dotted line in (c) is the solid line
in (b).

correlative event, which is not easily recognized in the origi-
nal section. Note also that reflection terminations can be much
better identified in the mean frequency display than in the orig-
inal section. Besides the instantaneous amplitude and instanta-
neous frequency, many other attributes can be defined within
the time-frequency analysis framework. A logical step is to in-
troduce the local higher-order moments in order to more accu-
rately describe the characteristics of the local power spectrum.
The instantaneous bandwidth, which was introduced by
Barnes (1993b) as a complex-trace attribute, can also be esti-
mated from the local spectrum. Local bandwidth o (¢), defined
as the variance around the mean frequency f™(¢) is given by

2 / (f = [ ()PP f)df
o)y = ()

Other measures that are used in statistics to characterize den-
sity functions are the skewness and kurtosis (Childers, 1997).
Skewness is a measure for the deviation of the density func-
tion from a normal (Gaussian) distribution and is related to the
third moment around the mean. A measure of the skewness of
the local power spectrum is given by

[ = oy pe par
$(0) = () E(r) (b

A positive skewness signifies an asymmetric distribution with
a tail extending out towards positive frequencies. A normal
distribution has skewness zero. Kurtosis is used as a measure for
the peakedness of the distribution. Using the usual definition,
the kurtosis of a time-frequency representation as a function
of time is given by

/ (f = /() P(t: 1) df
k() = () E()

where the term —3 makes the value zero for a normal distri-
bution. Density functions with a positive kurtosis have a more
sharply peaked shape than a Gaussian. Negative kurtosis sig-
nifies a distribution that is flatter than a normal distribution.
Figure 8 shows the higher order attributes for the seismic sec-
tion of Figure 7. Skewness values range between —2 and 2 and
kurtosis values range between —2 and 6. Interpretation of these
attributes is not straightforward. Their usefulness for seismic
interpretation should be assessed in terms of the significance
that can be attached to the width, symmetry and peakedness
of the local spectrum as a function of time. However, from
the figure, some tentative conclusions can be drawn. The local
bandwidth appears to be related to the uniformity of reflection
spacing. Uniformly spaced events tend to show up as regions
of relatively low bandwidth. In Figure 8a, this is most clearly
observed for the events around 0.5 s traveltime. Below 0.5 s,
there is relatively much bandwidth variation across traces, indi-
cating a spatial change in reflection characteristics. High skew-
ness value appear to indicate a facies transition. In a previous
section, we proposed a subdivision of this seismic section into
two facies units (Figure 5). The upper unit (0.16-0.5 s) was
further divided into two subunits. The boundary between the
two subunits is clearly visible at 0.35 s traveltime. We can also
clearly observe the boundary between the upper and lower
unit at 0.5 s. In the image of the kurtosis, we observe relatively
high kurtosis values below 0.5 s. Below 0.5 s, the events are less

(10)

-3, (12
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continuous and less regularly spaced that in the upper unit.
The higher degree of disorder in the lower section is expressed
in a more peaked character of the local spectrum. This rela-
tion is also known in other areas of seismic data analysis. In
minimum entropy wavelet deconvolution, kurtosis is used as
a heuristic measure for entropy (Wiggins, 1985). There are, of
course, many other attributes that could be defined. Here, we
have chosen to illustrate only those that appear relevant in the
context of a statistical description. Other measures that may
be defined are cumulative energies, peak counts, and spectral
fall-off rates.

DISCUSSION

The relation between time-frequency representations and
seismic attributes was first pointed out in the geophysical
literature by Bodine (1986). In his paper, he argued that a
local frequency measurement from this energy density is best
obtained at a location where the energy is greatest. He pro-

frequency [1/s]
=y
(=]

posed the measurement of frequency and phase at peaks of the
trace envelopes, and named these attributes response phase and
response frequency (White, 1991). From a time-frequency anal-
ysis perspective, it is immediately clear why these measures of-
ten perform better for waveform classification of seismic signal
than the complex-trace attributes for all samples of the trace.
Several theoretical explanations can be given, based on the
relation between the rate of change of the envelope and the
variance of instantaneous frequency (see, e.g., Robertson and
Nogami, 1984; Cohen, 1995). A more intuitive explanation is
given by the observation that strong cross terms in the time-
frequency representation will be located between two envelope
peaks. These cross terms do not contain information about the
signal at that particular location but are generated by the in-
teraction of the two neighboring peaks. In addition, for seismic
signals, the instantaneous frequency generally has sharp peaks
or negative values. These spikes may in some cases be used to
indicate overlapping thin bed reflections, but they often also

% [m3]
6
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frequency [1/s]

FIG. 7. (a) Seismic section, (b) complex-trace instantaneous frequency, (c) mean frequency of an optimal kernel
time-frequency representation.
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obscure much of the detailed information in the rest of the
instantaneous frequency display. Furthermore, these negative
values are outside the bandwidth of the signal, and the physical
interpretation of instantaneous frequency as an average spec-
tral frequency is lost (see, e.g., Barnes, 1993a). The occurence
of sharp peaks and negative values in the instantaneous fre-
quency can also be explained by an analysis of the cross terms.
Since the cross terms attain negative values and will dominate
the time-frequency representation between two strong com-
ponents, the mean frequency at this location may also become
negative. To mitigate this problem, we propose to use the opti-
mally smoothed time-frequency representation for attribute
extraction. The degree of cross-term suppression and time-
frequency smoothing are inversely proportional. The adap-
tive kernel time-frequency approach provdes a flexible way of
manipulating this trade-off between resolution and signal-to-
noise ratio, depending on the application. For instance, robust
attribute estimation can be achieved by choosing the degree

of smoothing such that the average frequency remains within
the bandwidth of the signal. This method has a significant ad-
vantage over the response attributes. The characteristics of the
trace are extracted on a sample-by-sample basis, instead of only
at envelope peaks. As a result, more detailed time information
will be incorporated in the attribute analysis.

CONCLUSIONS

Time-frequency analysis is an effective method for studying
the contribution of the subsurface reflectivity of to the spectral
content of seismic data. A highly readable image of the
local spectral content of the data can be obtained by using a
time-frequency representation that is adapted to the signal
under analysis. The time-frequency representation can aid in
the classification of seismic sequences and serve as a validation
tool for seismic facies interpretation. In addition, the theory
of time-frequency representations provides a framework for
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FIG. 8. (a) Instantaneous bandwidth, (b) instantaneous skewness, and (c) instantaneous kurtosis of the seismic
section of Figure 10a.
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complex-trace attribute extraction. In this framework, the at-
tributes are parameters that describe the shape of a local
spectrum, such as average frequency or bandwidth. Using the
time-frequency representation, the signal-to-noise ratio of the
attribute can be improved considerably without significant loss
of time resolution. An additional advantage of attribute extrac-
tion from the time-frequency representation is the possibil-
ity of extending the basic set of complex-trace attributes with
higher-order spectral measures, such as instantaneous band-
width, skewness, and kurtosis.
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APPENDIX A
QUADRATIC TIME-FREQUENCY REPRESENTATIONS

In this appendix, we discuss the relation between the at-
tributes that are obtained from the analytic signal and the time-
frequency representations of the quadratic class.

In the context of signal analysis, an analytic signal is a
complex-valued signal with real and imaginary parts that are
their respective Hilbert transforms. The complex-trace at-
tributes as used in seismic interpretation are closely related to
the notion of the analytic signal (Taner et al., 1979). The imag-
inary part of the analytic seismic signal is found by a Hilbert
transformation of the real signal s(¢):

Im{u®}(r) = His}(2), (A-1)

where H{s} denotes the Hilbert transformation of u with re-
spect to time. For the analytic signal, the following nomencla-
ture is widely used. Given the signal

w'(t) = s(t) +jHis}(1) = a(@) exp(27$(2)).  (A-2)

the following terms are used:

a(t) = /s(t)? + H{s}(¢)?

H{s}()
(1)

is the modulus or envelope,

¢(t) = tan™! {

} is the argument or phase.

Because the envelope and phase of the analytic signal are func-
tions of time—as opposed to the spectral amplitude and phase
functions—they are often called instantaneous amplitude and
instantaneous phase. An important parameter is the derivative
of the phase with time,
fey = L 490)
2r dt
where f¢(¢) is the instantaneous frequency. In seismic sig-
nal analysis, the instantaneous amplitude, instantaneous phase
and instantaneous frequency are called the complex-trace
attributes.

: (A-3)

Complex-trace attributes and the Wigner distribution

The complex-trace attributes can also be derived as param-
eters that describe the Wigner distribution of a signal. The
Wigner distribution is a local power spectrum that is obtained
by a Fourier transformation of a local autocorrelation function.
The instantaneous autocorrelation function of a signal u(¢) is
defined as

R(t;t)=u<t+%f>u*<t—%f>- (A-4)
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The Wigner distribution W (z; f) of a signal u(¢) is then given
by

W(t; f) = f exp(—janr)u(t + %f>u*(t — %r) dt
= F {R(#; 1)}, (A-5)

where the asterisk denotes complex conjugation. In this ap-
pendix, we use the notation F {u} to denote a Fourier trans-
formation of u over variable a, where the superscript denotes
the sign in the exponent. The Wigner distribution has many at-
tractive mathematical properties (Cohen, 1995; Steeghs, 1997).
Some of these properties are of particular interest in the con-
text of seismic attribute analysis. Integration of the Wigner dis-
tribution over time yields the spectral energy density spectrum
E(f) of the signal, i.e.,

E(f) = / WG i =17 (A-6)

In the same fashion, integration of the Wigner distribution over
frequency yields the instantaneous energy E(r) of the signal,
1.e.,

E(r) = /f WG F)df = (o), (A7)

For an analytic signal, E(¢) is the instantaneous power of re-
flection strength, which is the square of the instantaneous am-
plitude or envelope of the signal. E(f) and E(¢) are called,
respectively, the frequency marginal and time marginal of the
distribution.

The instantaneous frequency of the complex trace is equal to
the mean frequency as a function of time of the Wigner distribu-
tion. The relative first-order moment of the Wigner distribution
with respect to frequency is given by

= / FW( f)df.  (AS)

E®)

where the brackets denote the average and the underscore
t that this average is taken for every time ¢. The average fre-
quency of the Wigner distribution can also be obtained directly
from the signal. Equation (A-8) can also be written as an in-
verse Fourier transformation:

(f) = mf+ fW( N T =0). (A-9)

With the definition of W(z; f) of equation (A-5), we obtain

FW(; f) = .7 {0: R(z; T)}. (A-10)
Substitution of equation (A-lO) in the right-hand side of equa-
tion (A-9) leads to

(fh = 5~ 0 R(1: )l

1
ED " (A-11)

We now substitute the definition of R(z; t) of equation (A-4)
and perform the differentiation. We then obtain an expression
of the average frequency in terms of the signal u(r), given by

(f) = [ () u*(r) — u*(t)atu(t)]

i E B (A-12)

Using E(t) = u(t)u*(t), we can further simplify this result and
arrive at

1 du()] _ 1
(f), = Elm{ ") } = 27_[Irn{8, Inu(t)}.

In the case that u(¢) is an analytic signal [equation (A-2)], we
have

(A-13)

(1) = 5= Tmid, Infa(r) exp()])
T

1 .
= S0 = £°(0).

where ¢(t) is the instantaneous phase and f€(¢) is the instanta-
neous frequency of the analytic signal. Hence, we can obtain the
complex-trace instantaneous frequency of a signal as the aver-
age frequency as a function of time of the Wigner distribution
of the signal.

(A-14)

General class of quadratic time-frequency representations

In the two-dimensional Fourier transform of the Wigner dis-
tribution, smoothing of the Wigner distribution can be conve-
niently replaced by a simple weighting operation. In order to
reduce the interference by cross terms in the Wigner distribu-
tion, the application of a low-pass window to the ambiguity
function may be an effective approach because the cross terms
occupy the region away from the origin in this domain.

A time-frequency representation P(z; f) is related to its
characteristic function M(v; r) by a Fourier transformation
with respect to the correlation variables v and 7. The char-
acteristic function of the Wigner distribution is the ambiguity
function, given by

Av; g:/tR/f exp(—j2m (vt = FENWC, S df.
' (A-15)

The ambiguity function can also be expressed in terms of the
local autocorrelation function equation (A-4) as
A(v; 1) = F{R(t; 1)} (A-16)

The application of a filter on the ambiguity function results in
the new time-frequency representation, given by

P(t: f) = F F AM(v: 1)},

where the characteristic function M (v; t) is the weighted am-
biguity function, i.e.,

Mv; 1) =¥(v; 1)A(v; 7).

(A-17)

(A-18)

Integration of the Wigner distribution over frequency yields
the instantaneous energy [cf. equation (A-7)]. This property
is referred to as the time marginal property. If we want to re-
tain this property in a representation from the general class,
we require that

| penar=wor. a9
feRr
This requirement is fulfilled if

YU(v;0)=1, forveR. (A-20)
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Requiring the frequency marginal property

[ P pyar=wcor (A-21)
teR
leads to the condition

v(0,7)=1, forteR. (A-22)

We showed in the previous section that the average fre-
quency as a function of time of the Wigner distribution is
the derivative of the temporal phase of the analytic signal.
The mean frequency as a function of time f”(¢) of the time-
frequency representation P(z; f) is given by

fP@; fdf
oy ==
[ pwpas
feRr
If we want to retain the local average frequency of the Wigner

distribution in the smoothed Wigner distribution, we must re-
quire that

(A-23)

lir% Y(v;t) =1, forv eR, (A-24)
T—

which is the constraint for the frequency marginal property,
and also
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FIG. A-1. Wigner distribution and ambiguity function of a
seismic trace.

lin}) 9:¥(v;7) =0, forv eR. (A-25)

Optimum kernel design for cross-term suppression

Figure A-1 shows the Wigner distribution and ambiguity
function of a seismic signal (see also Figure 1). The cross-terms
distribution is strongly oscillating ridges that are the result of
the quadratic nature of the Wigner distribution. The Wigner
distribution of the sum of two signals u;(¢) and u,(¢) is given
by (Hlawatsch and Boudreaux-Bartels, 1992)

Wu1+u2(t; f) = Wul(l; )+ Wuz(t; 1)
+2Re(W, (15 1)),

where W, ., (t; f) is the cross-Wigner distribution of the two
signals u; and u,, defined as

. 1 1
Wiy (85 f) = /exp(—]ant)m (t + §T> uy (t - Et)dr'
(A-27)
W,, and W,, are referred to as auto terms, and W, ,, is the
cross term. In the Fourier transform of the Wigner distribution

(the ambiguity function), the highly osccillating cross terms are
generally mapped to locations away from the origin, whereas

(A-26)
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FIG. A-2. Adaptive optimum kernel time-frequency represen-
tation and ambiguity function of a seismic trace.
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the auto terms are located near the origin. In order to suppress
the cross terms, the application of a low-pass two-dimensional
filter on the ambiguity function of the signal is usually very
effective. However, the size and shape of the region that is
occupied by the auto terms is different for each signal. Conse-
quently, a filter that with a fixed shape can only achieve satis-
factory cross-term suppresion for a limited class of signals. The
poor performance of fixed filters for signals with properties that
vary strongly over time has lead to the design of algorithms for
signal-adaptive optimum kernels for cross-term suppression
(Baraniuk and Jones, 1993a, 1993b; Jones and Baraniuk, 1995).
The optimum smoothing function is found by adapting the fil-
ter to the shape of the auto terms of the signal in the ambiguity
function. First, the degree of smoothing is specified by a param-
eter that fixes the size of the pass region of the low-pass filter.
The shape of the filter is then adapted to maximize the energy
in the pass band. Figure A-2 shows the time-frequency repre-

sentation and ambiguity function that is obtained by adapting
a radially Gaussian filter to the signal (Baraniuk and Jones,
1993a). The cross terms have been largely suppressed, while at
the same time distortion of the auto terms has been minimized
by adapting the filter shape to the characteristics of the signal.
A further refinement of the method is to adapt the shape of the
kernel as a function of time (Jones and Baraniuk, 1995). Most
of the time-frequency representations of seismic data we show
in this paper were generated with this method. However, for
attribute extraction, this method is less suitable because of the
computational effort that is required for adapting the kernel
for each time sample. The examples of Figures 7 and 8 were
generated using the optimal kernel method that is described
in in Baraniuk and Jones (1993b, 1994). The number of oper-
ations to compute the global optimum kernel time-frequency
representation is typically in the order of the N2logN for a trace
of length N.
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